Casimir effect for a Bose-Einstein condensate inside a cylindrical tube by Biswas, Shyamal et al.
ar
X
iv
:1
40
8.
58
26
v6
  [
co
nd
-m
at.
sta
t-m
ec
h]
  8
 N
ov
 20
15
Casimir effect for a Bose-Einstein condensate inside a cylindrical tube
Shyamal Biswas1,∗ Saugata Bhattacharyya2, and Amit Agarwal3
1School of Physics, University of Hyderabad, C.R. Rao Road, Gachibowli, Hyderabad-500046, India
2Department of Physics, Vidyasagar College, 39 Sankar Ghosh Lane, Kolkata-700006, India
3Department of Physics, Indian Institute of Technology Kanpur, Kanpur-208016, India
(Dated: October 4, 2018)
We explore Casimir effect on an interacting Bose-Einstein condensate (BEC) inside a cylindrical
tube. The Casimir force for the confined BEC comprises of (i) a mean-field part arising from
the spatial inhomogeneity of the condensate order parameter, and (ii) a quantum fluctuation part
arising from the confinement of Bogoliubov excitations in the condensate. Our analytical result
predicts Casimir force on a cylindrical shallow of 4He well below the λ-point, and can be tested
experimentally.
PACS numbers: 03.75.Hh, 67.85.Bc, 03.70.+k
I. INTRODUCTION
Casimir (like) or fluctuation induced force arises due to
confinement of fluctuations, either classical or quantum,
and depends upon the confining geometry of the system
[1–4]. Casimir effect due to the confinement of classical
(critical) fluctuations is found to be stronger than the
corresponding effect due to the confinement of the quan-
tum (vacuum) fluctuations [5–7]. Systems with different
geometry of the confining plates, eg. sinusoidally corru-
gated geometry, eccentric-cylindrical geometry, grating
geometry, parabolic geometry, concentric-cylindrical ge-
ometry, etc, have also been studied both experimentally
and theoretically, in the context of the quantum Casimir
force [8–13]. Casimir effects for classical and quantum
fluids (specially for superfluid 4He) in slab geometry have
been the subject of a number of experimental and the-
oretical works [2, 6, 14–17]. In this context, Casimir
force in a silicon micro-mechanical chip has also been
demonstrated, opening up the possibility of tailoring the
Casimir force by lithographically made components [18].
Since the Casimir effect is strongly affected by the confin-
ing geometry of the plates, we naturally take up the study
of the Casimir force due to the confinement of quantum
fluctuations in a cylindrical geometry.
Casimir effect due to confinement of quantum (vac-
uum) fluctuations of electromagnetic field in a hollow
cylindrical tube was studied initially by DeRaad Jr. and
Milton in Ref. [19], and later on by a number of authors
[20–24]. In this article, we consider a Bose-Einstein con-
densate confined to the cylindrical geometry, and explore
the Casimir force arising from the presence of the conden-
sate inside the cylinder. For a confined BEC, while the
Bogoliubov excitations in the condensate are responsible
for the quantum fluctuation part of the Casimir force,
the confinement of the condensate wave function, which
∗Electronic address: sbsp [at] uohyd.ac.in
obeys Gross-Pitaevskii equation, gives rise to the mean-
field part of Casimir force. We explicitly compute these
two contributions to the Casimir effect.
We begin this article by revisiting the calculation of the
Casimir force due to the confinement of electromagnetic
field in a hollow conducting circular-cylinder. Bessel
functions [Jσ(ασ,nρ/R) and Jσ(βσ,nρ/R)], Bessel zeros
(ασ,n; σ = 0,±1,±2, ...; n = 1, 2, 3, ...), and zeros of the
first derivatives of the Bessel functions of the first kind
(βσ,n) naturally appear in the modes of quantum fluctu-
ations and in the expression of the vacuum energy. To
get the Casimir force from the vacuum energy we apply
zeta regularization technique prescribed by Gosdzinsky
and Romeo [20]. Then by applying these techniques,
we study the Casimir effect filling the hollow cylinder
by an interacting Bose-Einstein condensate for T → 0.
For this case, we begin with the calculation of the grand
canonical energy of the interacting BEC in terms of its
mean-field and quantum fluctuation (discrete Bogoliubov
excitation) parts. We explicitly calculate the contribu-
tion to the Casimir force arising from the mean-field and
quantum fluctuations parts for both the Dirichlet and
the Neumann boundary conditions. Thus we study con-
densate density dependence of the Casimir force. We ap-
ply dimensional regularization cum Chowla-Selberg lat-
tice summation technique [22] for the higher orders in
condensate density. Finally, we summarize our results in
the conclusion.
II. CASIMIR EFFECT ON THE HOLLOW
CYLINDER
Before discussing the Casimir effect for a Bose-Einstein
condensate enclosed in a circular-cylinder geometry, let
us review the conventional Casimir effect on a hollow
circular-cylinder. This will also enable us to establish the
condensate-density dependence on the Casimir force, and
the validity of our approximations later. Let us consider
an infinitely long hollow circular-cylinder of radius R and
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FIG. 1: (Color online) Bessel modes for Dirichlet and Neu-
mann (inset) boundary conditions.
length L, whose axis is along the z-direction, and whose
radial and angular coordinates are represented by (ρ, θ).
The zero point or vacuum energy of the electromagnetic
field inside the cylinder is given by [1]
E =
1
2
∑
k
~ωk , (1)
k represents all possible (TM and TE) modes of the vac-
uum fluctuations compatible to the boundary conditions
imposed by the waveguide i.e. the circular-cylindrical
conductor. While in free space or in the space between
two parallel conductors, the two polarization states of
the electromagnetic field are equivalent; in the space in-
side a cylindrical waveguide, the two polarization states
known as transverse magnetic (TM) and transverse elec-
tric (TE) modes are not equivalent. For the conduct-
ing cylindrical shell surface, the TM modes of electro-
magnetic fluctuations (Bz = 0 and Ez|ρ=R = 0) which
obey Dirichlet boundary condition are given by the Bessel
functions (so that Ez = Jσ(ασ,nρ/R)e
iσθeikz), and the
Bessel zeros specified by ασ,n, with σ = 0,±1,±2, ... and
n = 1, 2, 3, ..., naturally appear in the expression of the
vacuum energy [25]. On the other hand, the TE modes
(Ez = 0 and
∂Bz
∂ρ |ρ=R = 0) inside the cylinder are com-
patible with the Neumann boundary condition, and they
are given by Bz = Jσ(βσ,nρ/R)e
iσθeikz where βσ,ns are
positive zeros of the first derivatives of the Bessel func-
tions of the first kind [25]. The two distinct class of
modes, as shown in Fig. 1, contribute simultaneously to
the vacuum energy of the conducting cylinder, which can
be obtained from Eq. (1) to be [20, 21, 25]
E =
~cL
2
∑
σ,n
∫ ∞
−∞
dk
2π
[√
α2σ,n
R2
+ k2 +
√
β2σ,n
R2
+ k2
]
, (2)
where the first and second terms in the square bracket
represent contributions for the TM modes and TE modes
respectively. Note that the integral over k in the above
expression has a logarithmic divergence which may not
be easily removed by applying standard analytic contin-
uation techniques. What work here are ultraviolet cutoff
technique with Greens dyadic formulation for the field
strengths [19], zeta regulation technique [20], mode-by-
mode summation technique [21], and, to some extent, di-
mensional regularization technique with Chowla-Selberg
lattice summation [22].
Integrals in Eq. (2) can be evaluated within dimen-
sional regularization scheme. The first integral can
be recast with the substitution q2 =
α2σ,n
R2 + k
2, as
I1 = 2
∫∞
ασ,n/R
dq
2π q
2(q2 − α
2
σ,n
R2 )
−1/2, which for the sake
of dimensional regularization, can be further recast as
I1 = 2
∫∞
ασ,n/R
dq
2π q
−2s(q2 − α
2
σ,n
R2 )
−d where s = −1 and
d = 1/2. It is easy to check that, this integral diverges
for s = −1 and d = 1/2. This divergence can be avoided
within dimensional regularization scheme by substitut-
ing d = 1/2 + ǫ (where ǫ → 0) and s = −1 + δ (where
δ → 0), and by subsequently performing analytic contin-
uation of gamma and zeta functions for ℜ[s] + d ≤ 1/2.
In a similar way, we can regularize the second integral
in Eq. (2). Thus within the dimensional regularization
scheme, Eq. (2) can be recast as
E = L~c[D(−2s) +N (−2s)], (3)
where keeping s → −1 unaltered we put d = 1/2 after
evaluating both the integrals in Eq. (2), as,
D(−2s) =
1
4
√
π
∞,∞∑
σ=−∞,n=1
(
α2σ,n
R2
)−s
Γ(s)
Γ(1+2s2 )
, (4)
and
N (−2s) =
1
4
√
π
∞,∞∑
σ=−∞,n=0
(
β2σ,n
R2
)−s
Γ(s)
Γ(1+2s2 )
. (5)
Here ‘D’ and ‘N’ respectively stand for Dirichlet and Neu-
mann boundary conditions. Regularization of D(−2s) in
Eq. (4) and that of N (−2s) in Eq. (5), with the use of
Chowla-Selberg lattice-sum formula [26], needs exact val-
ues of ασ,n and βσ,n which although appear in closed
forms for triangular-cylinder, square-cylinder, etc, un-
fortunately do not appear in closed forms for circular-
cylinder. For more details regarding the Chowla-Selberg
lattice summation, see– Appendix-A of Ref. [22], and
also our Appendix-A. Another problem with the Chowla-
Selberg formula for circular-cylinder is that, it is not
even applicable for the McMahon asymptotic forms of
ασ,n → π(σ/2 + n − 1/4) and βσ,n → π(σ/2 + n + 1/4)
[27] as the ‘determinant’[37] △ → 0. Exact renormal-
ized values of D(2) and N (2) were obtained, within the
integral forms of the lattice summations (which do not
3at all need the values of ασ,n and βσ,n) with further sub-
traction of homogeneous energy eigenvalue ωk|R→∞ from
each energy eigenvalue ωk in Eq. (1), as [20, 21]
D(2) = 0.000614794033/R2 = 0.0019314324176/πR2, (6)
and
N (2) = −0.01417613719/R2 = −0.0445356485/πR2. (7)
Thus we get the total Casimir (or renormalized vacuum)
energy as [19, 20]
Ec = L~c[D
(2) +N (2)] = −0.013561343 L~c/R2, (8)
and the Casimir force (fR = −∂Ec∂R ) as
fR = −0.027122686 L~c/R2. (9)
The Casimir pressure (pR = fR/2πRL) is now given
by pR ≈ −0.0043 ~cR4 , which is reasonably strong as
R approaches the atomic dimension. For example, if
R = 10 A˚, the Casimir pressure is pR ≈ −1× 108 N/m2.
Such a strong attractive Casimir pressure can possibly be
tested for cylindrical graphene sheet, carbon nano-tube,
etc. For a circular waveguide of radius R = 0.1 mm, on
the other hand, the Casimir pressure is pR ≈ −1× 10−12
N/m2. It is interesting to note that confinement of
TE modes dominates that of TM modes, and that N (2)
per cross-sectional area of a square-cylinder (−0.0429968
[22]) is close to that of the circular-cylinder in Eq. (7)
with deviation less than 4%. This brings a hope that the
Casimir effect per cross-sectional area of circular-cylinder
would be close to that of a square-cylinder as both are
topologically same, and as the later specially is having
4-fold symmetry.
III. CASIMIR EFFECT FOR A BEC INSIDE
THE CIRCULAR-CYLINDER
The Casimir force on an interacting Bose-Einstein con-
densate was studied by Biswas et al in Ref. [14] for a film
geometry. Here we generalize the same (in a nontrivial
manner) for an interacting BEC confined to a cylindrical
geometry.
A. Elementary excitations in the BEC inside the
cylindrical tube
Let us consider a Bose gas of N identical particles be
kept inside the same cylinder of radius R and length L,
and take the same set of cylindrical coordinates (ρ, θ, z)
to specify position r as in the previous section. For
T → 0, almost all the particles (N0 ≈ N) form the
condensate, and the elementary (phononic as well as Bo-
goliubov) excitations in the condensate can be treated
perturbatively. The elementary excitations of a BEC are
generally described by expanding the Hamiltonian up-to
the second order in quantum fluctuations over the BEC
order parameter (
√
N0φ0(r)), via a standard perturba-
tive approach [14]. We follow a similar approach here for
obtaining the elementary excitations for the cylindrical
geometry.
Let the position vector and mass of a single Bose par-
ticle be denoted as r and M respectively. The grand
canonical Hamiltonian operator for such a system of in-
teracting Bose gas is given by [14]
Hˆ =
∫
Ψˆ†(r)
(
− ~
2
2M
∇2 − µ
)
Ψˆ(r)d3r
+
1
2
∫ ∫ (
Ψˆ†(r)Ψˆ†(r′)V (r− r′)Ψˆ(r)Ψˆ(r′)
)
d3rd3r′,(10)
where µ is the chemical potential, V (r− r′) is the inter-
particle interaction potential, and Ψˆ(r) is the field op-
erator for Bose particles. For the simplest case, the
interaction potential can be considered as V (r− r′) =
gδ3(r− r′), where g = 4π~2as/M is the coupling con-
stant and as is the s-wave scattering length [14]. The
field operator can be expressed in terms of the single
particle orthonormal wave functions {φi(r)}, as Ψˆ(r) =∑∞
i=0 φi(r)aˆi, where aˆi (aˆ
†
i ) annihilates (creates) a Bose
particle in the state φi(r). Within a perturbative ap-
proach, the grand canonical Hamiltonian can be ex-
pressed in terms of the fluctuations (excitations) δΨˆ(r) =
Ψˆ(r)−√N0φ0(r), and up-to quadratic order in δΨˆ, it is
given by [14]
Hˆ = Ω0 +
∫
d3r
[
δΨˆ†(r)
(
− ~
2
2M
∇2
)
δΨˆ(r)d3r+
gn¯
2
×
(
2δΨˆ†(r)δΨˆ(r) + δΨˆ†(r)δΨˆ†(r) + δΨˆ(r)δΨˆ(r)
)]
,(11)
where n¯ ≈ N0φ20(r) denotes the bulk particle density,
µ ≈ gn¯, and Ω0 is the grand potential for the condensate,
which is given by [14]
Ω0
N0
=
∫ (
~
2
2M
|∇φ0(r)|2 − µ|φ0(r)|2 + gN0
2
|φ0(r)|4
)
d3r.(12)
In a Bose-Einstein condensate low energetic excitations
are probabilistically favored as temperature of the sys-
tem decreases. We already have experienced in the pre-
vious section that, while the Casimir energy for the
TM modes (which obey Dirichlet boundary condition)
are positive, that for the TE modes (which obey Neu-
mann boundary condition) are negative. Thus, the nat-
ural boundary condition for the elementary excitations
in the condensate in an infinitely long cylinder, is ex-
pected to be of Neumann type. However, by the def-
inition of the quantum vacuum energy, contribution of
the elementary excitations of Dirichlet type is also un-
avoidable even for T → 0 unless any filtering of modes
4is engineered (e.g. like that of a resonant cavity) at
the two ends of the cylinder. The quantum fluctu-
ations (i.e. the elementary excitations) for the Neu-
mann boundary on a cylindrical tube can be expressed
as δΨˆ(r) = L(2π~)−1
∑∞
σ=−∞,n=1
∫∞
−∞ φpz ,σ,naˆpz,σ,ndpz,
where aˆpz,σ,n annihilates a Bose particle specified by the
state φpz ,σ,n(z, ρ, θ) =
√
2
R2Le
i pzz
~
eiσθ√
2π
Jσ(βσ,nρ/R)
Jσ+1(βσ,n)
[28],
whose momentum in the z-direction is pz and whose en-
ergy is ξ =
p2z
2M +
~
2β2σ,n
2MR2 . The Hamiltonian in Eq. (11)
can now be diagonalized in terms of the phononic oper-
ators through the usual Bogoliubov transformation: [29]
aˆpz,σ,n = upz,σ,nbˆpz,σ,n+ vpz,σ,nbˆ
†
−pz,σ,n , where upz,σ,n =(
ξ2+gn¯
2ǫN (|pz|,σ,n) +
1
2
)1/2
, vpz ,σ,n = −
(
ξ2+gn¯
2ǫN (|pz|,σ,n) − 12
)1/2
,
and
ǫN (|pz|, σ, n) =
[
gn¯
M
(
p2z+
~
2β2σ,n
R2
)(
1+
p2z +
~
2β2σ,n
R2
4Mgn¯
)] 1
2
.
(13)
For the TM modes (i.e. for the Dirichlet boundary
condition), on the other hand, the Bogoliubov excita-
tion energy would be ǫD(|pz|, σ, n) which is almost like
ǫN (|pz|, σ, n) in Eq. (13) except βσ,n be replaced by ασ,n
everywhere. For the TM modes, we also call the phononic
annihilation and creation operators by dˆpz ,σ,n and dˆ
†
pz ,σ,n
respectively instead of bˆpz,σ,n and bˆ
†
pz,σ,n used for the TE
modes.
Thus from Eqs. (11) and (13), and also from the sub-
sequent discussion about the TM modes, we have the di-
agonalized Hamiltonian in terms of both the (Neumann
and Dirichlet) types of the Bogoliubov excitations, as
Hˆ = Ω0 + E0(R, n¯) +
∑
pz,σ,n
ǫN(|pz |, σ, n)bˆ†pz ,σ,nbˆpz,σ,n
+
∑
pz,σ,n
ǫD(|pz|, σ, n)dˆ†pz ,σ,ndˆpz ,σ,n, (14)
where
E0(R, n¯) = 1
2
∑
pz,σ,n
[
ǫN (|pz|, σ, n)−
(
p2z
2M
+
~
2β2σ,n
2MR2
)
− gn¯
]
+
1
2
∑
pz,σ,n
[
ǫD(|pz|, σ, n) −
(
p2z
2M
+
~
2α2σ,n
2MR2
)
− gn¯
]
(15)
is the contribution to the grand canonical potential due to
the quantum fluctuations of the phonon field. For T → 0,
there are no phonons, and consequently, the Hamiltonian
of the system for the vacuum of the phonons is specified
by H = Ω0+E0(R, n¯). Roberts and Pomeau also deduced
a similar term for a homogeneous condensate in Ref. [29]
based on the original work of Lee, Huang and Yang [30].
B. Quantum fluctuation part of the Casimir force
In this subsection we calculate the contribution to the
Casimir force arising from the second term in Eq. (14),
i.e. the quantum (vacuum) fluctuation part (E0) of
the grand canonical Hamiltonian (Hˆ). Before proceed-
ing with further calculations, we anticipate that the
Casimir force due to vacuum fluctuations of the phonon
field (δΨˆ) would be similar to that due to the photon
(electromagnetic) field in Eq. (9) with the replacement
of the speed of light by the speed of phonon (sound),
c→ v(n¯) =
√
gn¯/M . Thus, using Eqs. (6), (7), and (9),
we expect the phonon Casimir force to be
f
(phn)
R =
2L~v(n¯)
R
[N (2) +D(2)] ≈ −0.027122686~v(n¯)L
R3
.(16)
Let us now go back to the Eq. (14) whose second
term E0(R, n¯), gives the quantum vacuum fluctuations
as well as the quantum Casimir force for phonons. Ex-
panding ǫN (|pz|, σ, n) in terms of p =
√
p2z +
~2β2σ,n
R2 and
ǫD(|pz|, σ, n) in terms of p′ =
√
p2z +
~2α2σ,n
R2 , we have
E0(R, n¯) = 1
2
∑
pz,σ,n
(
v(n¯)p
[
1− p√
4Mgn¯
+
p2
8Mgn¯
− p
4
128M2g2n¯2
+ ...
]
− gn¯
)
+
1
2
∑
pz ,σ,n
(
v(n¯)p′
[
1− p
′
√
4Mgn¯
+
p′2
8Mgn¯
− p
′4
128M2g2n¯2
+ ...
]
− gn¯
)
. (17)
Here the first and the second summations correspond to
the TE and TM modes respectively. Now, replacing the
sum over pz by an integration over pz, we can rewrite
Eq. (17) as
E0(R, n¯) = L
(
v(n¯)
[
~(N (2) +D(2))− ~
2(N (3) +D(3))√
4Mgn¯
+
~
3(N (4) +D(4))
8Mgn¯
− ~
5(N (6) +D(6))
128M2g2n¯2
+ ...
]
−gn¯(N (1) +D(1))
)
. (18)
where q = p/~, N (−2s) = 12π
∑
σ,n
∫∞
βσ,n
R
q−2s(q2 −
β2σ,n/R
2)−d = 1
4
√
π
∑
σ,n
(
β2σ,n
R2
)−s
Γ(s)
Γ( 1+2s
2
)
, q′ = p′/~,
D(−2s) = 12π
∑
σ,n
∫∞
ασ,n
R
q′−2s(q′2 − α2σ,n/R2)−d =
1
4
√
π
∑
σ,n
(
β2σ,n
R2
)−s
Γ(s)
Γ( 1+2s
2
)
, d → 1/2, and s →
−1/2,−1,−3/2,−2,−5/2, .... We already have men-
tioned various regularization method for N (−2s) and
5D(−2s) in Sec. II. Among such integrals cum lattice
summations, N (2) and D(2) can be exactly obtained
within zeta regularization scheme as we have already
mentioned: N (2) = −0.01417613719/R2 and D(2) =
0.000614794033/R2 [20]. It is absolutely not easy to ob-
tain regularized values of N (−2s) and N (−2s) for s ≤ 0
generalizing the works of the authors of Refs. [20] and
[21]. At the end of Sec. II, we have argued that the
Casimir force per cross-sectional area of circular-cylinder
would be close to that of a square-cylinder as both are
topologically same, and as the later specially is having
4-fold symmetry. Evaluation of N (−2s) is reasonably
easy for square-cylinder within dimensional regulariza-
tion and subsequent Chowla-Selberg lattice summation
technique [22]. See– Appendix-A for the use of Chowla-
Selberg lattice summation in this subsection too. Fol-
lowing this technique we get N (4) = 0.00914223/R4,
D(4) = −0.000263472/R4, N (6) = −0.0185855/R6,
D(6) = −0.000389195/R6, N (8) = 0.0745135/R8, D(8) =
0.00400674/R8, and N (1) = D(1) = N (3) = N (D) =
N (5) = D(5) = 0. Substituting these values of N (−2s)
and D(−2s) in Eq. (18), we have
E0(R, n¯) = −0.013561343 ~v(n¯)L
R2
(
1
− 0.008878758
0.013561343× 4ρ˜(R, gn¯) (19)
− 0.018974695
0.013561343× 32ρ˜2(R, gn¯) + ...
)
,
where ρ˜(R, gn¯) = gn¯2MR
2
~2
is the dimensionless density.
The quantum (vacuum) fluctuation part of the Casimir
force, f
(qf)
R = − ∂∂RE0(R, n¯), is now easily obtained from
Eq. (19), as
f
(qf)
R = −0.019
~
2L
MR4
ρ˜1/2
(
1− 0.655
ρ˜
− 0.262
ρ˜2
+ ...
)
. (20)
Note that the first term of the Eq. (20) is the most domi-
nating term for the quantum phonon fluctuations part of
the Casimir force, and it is identical to Eq. (16), which is
just based on an intuitive similarity to the case of Casimir
force arising the TE modes of the vacuum fluctuations of
the electromagnetic field.
C. Mean field part of the Casimir force
In this subsection we calculate the contribution to the
Casimir force arising from the first term in Eq. (14),
i.e. the mean field part (Ω0) of the grand canonical
Hamiltonian (H). Mean-field part of the Casimir force
arises due to inhomogeneity of the BEC order parameter
[m(r) =
√
N0φ0(r)] in Ω0. If the order parameter is com-
plex, it can be expressed as m(r) = m(ρ)ei(σθ+kz) where
the amplitude m(ρ) takes care of inhomogeneity of the
condensate density (n0(r) = |m(r)|2) along the radial di-
rection and the phase σθ + kz accounts for the flow of
the condensate either rotationally along the θˆ direction or
translationally along the zˆ direction. For simplicity, we
consider the condensate to be static inside the cylinder
so that the condensate order parameter can be written as
a real function of the radial coordinate as m(r) = m(ρ).
We can express the Ginzburg-Landau form in Eq. (21) in
terms of the BEC order parameter m(ρ) as,
Ω0 =
~
2N0
M
∫ [
1
2
[∇m(ρ)]2 − |a|
2
m2(ρ) +
b
4
m4(ρ)
]
d3r,(21)
where we have defined, a = 2Mµ
~2
= 2Mgn¯
~2
and b =
2MgN0
~2
> 0. The minimization of the energy in Eq. (21)
with respect to the order parameter m(ρ), i.e. δΩ0δm = 0,
leads to the following equation for the profile of the order
parameter,
−∇2m− |a|m+ bm3 = 0 , (22)
which can be rewritten in terms of the cylindrical polar
coordinates as
− d
2m
dρ2
− 1
ρ
dm
dρ
− |a|m+ bm3 = 0 . (23)
Note that, for a large system, the order parameter is
expected to be homogeneous, and in the bulk limit we
have m→ m0 =
√
|a|/b.
The mean-field component of the force is given by
F
(mf)
R = − δΩ0δR . It is not necessary that the boundary
condition on the condensate has to be the same as that
assigned to the elementary excitation in the condensate
as they are independent. In a realistic situation of a su-
perfluid/condensate in contact with a metallic plate the
boundary condition is considered to be of Dirichlet type
[2, 15, 31]. For Dirichlet boundary condition on a cylin-
drical surface and the ground sate of the system, i.e. for
m(R) = 0, dmdρ |ρ=0 = 0[38], we obtain,
F
(mf)
R =
π~2N0
M
LR
(
dm
dρ
)2∣∣∣∣
ρ=R
. (24)
Eq. (24) is physically appealing as it relates the energy
density at the boundary (∝ (dρm|R)2) to the mean-field
part of the Casimir pressure, and a similar form is also
expected in other confined geometries [14]. The value of(
dm
dρ
)∣∣
ρ=R
is to be obtained from the non-linear Eq. (23)
which does not have a closed form analytical solution to
the best of our knowledge. However, we can obtain an
approximate form for the same. Multiplying Eq. (23) by
2dmdρ and integrating over ρ, we get(
dm
dρ
)2
+
∫ ρ
0
2
ρ
(
dm
dρ
)2
dρ = −|a| [m2 −m2(0)]
+
b
2
[
m4 −m4(0)] .(25)
6The second term in the LHS in Eq. (25), can be
integrated by parts:
∫ ρ
0
2
ρ
(
dm
dρ
)2
dρ = 2
(
dm
dρ
)2|ρ0 −
{ ddρ
(
1√
ρ
dm
dρ
)2}ρ2|ρ0+ ∫ ρ0 { d2dρ2 ( 1√ρ dmdρ )2}ρ2dρ. Now as ρ→
0, 1√ρ
dm
dρ → 0 for the ground state. Additionally, the
derivatives of 1√ρ
dm
dρ can also be neglected in compar-
ison to the first term as the order parameter for the
ground state is smoothest. Under these approximations,∫ ρ
0
2
ρ
(
dm
dρ
)2
dρ ≈ 2(dmdρ )2. Thus Eq. (25) can be rewrit-
ten as − ∫ 0m(0) dm√
−|a|
(
m2−m2(0)
)
+ b
2
(
m4−m4(0)
) ≈ ∫ R0 dρ√3 ,
which in turn can be expressed as
√
3√
1− ηK
(
η/(1− η)) = R√|a| , (26)
whereK(x) = (π/2)[1+x/4+(9/64)x2+(25/256)x3+...]
is the complete elliptic integral of the first kind, and
η = bm2(0)/2|a| ≤ 1/2. Note that η ≤ 1/2, just im-
plies the physical requirement that m(0)2 ≤ m20 = |a|/b.
Based on the approximations above, the mean-field force
in Eq. (24) can be recast in terms of η as
F
(mf)
R =
2π~2N0LR
3M
η|a|2
b
(1 − η), (27)
where η is to be obtained from the graphical solution of
Eq. (26), which does not appear in closed form. However,
an approximate closed form of η was obtained by Biswas
et al in the context of film geometry [15]. Following their
approach, for cylindrical geometry, we get
η(x) =
1
2
tanh2
(
1√
6
√
x2 − 3π
2
4
)
, (28)
where x = R
√
|a|. We emphasis that Eq. (28) gives
a very close approximation [39] of the actual roots of
Eq. (26). It is clear from Eq. (28) that η → 1/2 as
R → ∞, and η = 0 for R
√
|a| ≤ √3π/2. Thus we get
the mean-field bulk pressure exerted by the condensate
on the cylindrical wall as F
(mf)
R /2πRL|R→∞ = gn¯2/6 in
comparison to gn¯2/2 for the film geometry [14]. Now, it
is easy to obtain the mean-field Casimir force, f
(mf)
R =
F
(mf)
R − F (mf)∞ , from Eqs. (27)-(28), and it is given by
f
(mf)
R = −
2π~2N0LR|a|2
3Mb
[
1
4
− η(1− η)
]
. (29)
We can rewrite the mean-field force in Eq. (29) in terms
of the dimensionless density (ρ˜(R, gn¯) = gn¯2MR
2
~2
) and
substituting the original expressions of a (= 2Mgn¯
~2
), b
(= 2MgN0
~2
) and the coupling constant g (= 4π~
2as
M ), as
f
(mf)
R = −
1
48
~
2L
MR4
R
as
ρ˜2 sech4
(√ 4ρ˜
3 − π2
2
√
2
)
. (30)
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FIG. 2: (Color online) Casimir force for a Bose-Einstein con-
densate in a cylinder. The dotted, dashed and blue solid lines
follow Eq. (31) for as/R = 0.1, 0.01 and 0.001 respectively.
The inset shows the ratio of the mean-field and the quantum
fluctuation parts in same equation for the same interaction
strengths (as/R) with the same line-types.
D. Total Casimir force
The total Casimir force is now simply given by the sum
of the terms on the RHS of Eq. (20) and Eq. (30), as
fR = f
(mf)
R + f
(qf)
R . (31)
We emphasis that the mean-field part of the Casimir force
is a direct consequence of the inhomogeneity of the con-
densate, and it dominates over the phononic contribution
for low densities. For high densities, the condensate in-
side the cylinder becomes essentially homogeneous, and
the phononic contribution to the Casimir force dominate
the mean-field part of the Casimir force for typical values
of the parameters. We plot this force in units of ~
2L
MR4 in
Fig. 2, for different values of interaction strength - as/R.
While the Casimir-Polder force between a cigar shaped
BEC and a flat surface has been observed to be attrac-
tive [32], the Casimir effect for a BEC inside a circular-
cylinder although has not been observed; yet is predicted,
according to Eq. (31), to be attractive. This prediction
is potentially relevant for atomic waveguides, i.e. geome-
tries in which BECs can be transported. If the velocity of
the BEC in the atomic waveguide is less than the Landau
critical velocity beyond which the BEC can be destroyed
by inelastically interacting with the wall, then the Bogoli-
ubov excitations in the moving condensate would be un-
altered from that for the static case. So, the Casimir force
for the slowly moving condensate in an atomic waveguide
is expected to be attractive along the radial (ρˆ) direction,
and it may not affect the flow along the perpendicular (z)
direction. On the other hand, if the velocity of the con-
densate is more than the Landau critical velocity, then
7the condensate can inelastically interact with the wall.
Since the attractive Casimir force between any two parts
(semi-cylindrical walls) of the cylindrical tube may in-
duce shrinking of its cross-section, there would be an
enhancement of inelastic collisions with the cylindrical
wall. Thus, the attractive Casimir force may slowdown
the condensate if it is strong enough to shrink the cross-
section. This is possible for a sufficiently small radius of
a cylindrical waveguide made up of a flexible wall. How-
ever, such forces are usually not strong enough to deform
cylindrical wall of a metallic waveguide.
IV. CONCLUSION
In this article, we have presented theoretical calcula-
tion on quantum Casimir force (and pressure) exerted by
a self-interacting Bose-Einstein condensate confined to
a circular-cylinder by applying zeta regularization tech-
nique introduce be Gosdzinsky and Romeo [20] for the
leading order in condensate density, and dimensional reg-
ularization cum Chowla-Selberg lattice summation tech-
nique [22] for the higher orders in condensate density. In
this regard, we have approximately computed the (grand-
canonical) self-energy of the confined condensate up-to
the quadratic order in fluctuations. Both the inhomo-
geneity of the order parameter of the confined BEC and
the vacuum fluctuations of the phonon field in the BEC
contribute to the Casimir force.
Our analytic results, for the Casimir force, are valid
only for the repulsive interaction (as > 0). For as < 0,
the condensate becomes unstable beyond a critical num-
ber of particles [33]. The Casimir force exerted by the
condensate would be minimum for ρ˜ = 3π2/4. For
high density, the Bose condensate inside the cylinder es-
sentially becomes homogeneous, and the quantum fluc-
tuation of the phonon field become important. For
noninteracting case, there will not be any Bogoliubov
excitation. So, fluctuation part of the Casimir force
would be zero. But, the mean field part of the Casimir
force is not necessarily zero, as because, the profile of
the order parameter is still given by mpz,0,1(z, ρ, θ) =√
2
R2Le
i pzz
~
J0(α0,1ρ/R)
J1(α0,1)
[40] whose derivative at the cylin-
drical surface (ρ = R) is nonzero. Our present calculation
can be extended for finite temperature by further consid-
eration of the confinement of thermal fluctuations of the
thermal cloud over the condensate [34].
In a realistic experimental scenario, liquid 4He can
be placed inside a cylindrical shell. Well below the λ-
point (Tλ = 2.18 K), the liquid can become a Bose-
Einstein condensate, and the condensate would exert
Casimir force on the cylindrical surface. For 1 µm radius
of the shallow of the ultra-cold 4He liquid (as = 2.5A˚
[35]), where there is no classical critical fluctuations, the
Casimir pressure is predicted from Eq. (31) to be of the
order of −20 × 10−12 N/m2 for the unit dimensionless
density (ρ˜→ 1).
While McMahon asymptotic expansion of roots of the
Bessel functions and their first derivative fails to repro-
duce the fluctuation part of the Casimir force as one
can obtain from the prediction of Milton, DeRaad Jr.,
Gosdzinsky and Romeo [19, 20], analytic continuation of∑∞
n=1 α
−2
σ,n from the exact result (1/4(σ + 1) [36]) may
open a door to the exact evaluation of
∑
σ,n α
2
σ,n and to
reproduce the Dirichlet b.c. part. This method is to be
generalized for the Neumann b.c. part to predict the ac-
tual scenario from the roots of the first derivative of the
Bessel functions of the first kind.
Casimir effect could have been further studied by con-
sidering a small gap between the condensate and the
cylindrical surface generalizing the effect for two concen-
tric cylinders [13]. Instead of keeping the BEC inside the
cylinder, we could keep a Fermi liquid (say 3He). How
to calculate the Casimir force, for a Fermi liquid in the
confined geometry, is an open question.
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Appendix A: Chowla-Selberg Lattice Summation
Chowla-Selberg lattice summation formula involves
evaluation of Epstein zeta function [26]
Z(s) = Σ
′
(am2 + bmn+ cn2)−s, (A1)
where s is a complex number, and the summation is for
all integers m,n (each going from −∞ to +∞), while the
prime indicates that m = n = 0 is excluded from the
summation; further a > 0 and c > 0, while b is real num-
ber and subject to the condition that the ‘determinant’
△ = 4ac− b2 > 0. This is called lattice summation be-
cause the summation is over the lattice points ({m,n})
on the two-dimensional m − n plane. The Epstein zeta
function Z(s) expressed in terms of the lattice summa-
tion over m and n in Eq. (A1), is defined for ℜ[s] > 1,
and can be continued analytically over the whole s-plane,
and satisfies a functional equation similar to the one sat-
isfied by the Riemann zeta Function [26]. Such an an-
alytic continuation, in the context of Casimir effect on
different cylindrical geometries, was greatly exercised by
Abalo-Milton-Kaplan in Ref. [22]. For the evaluation of
the Epstein zeta function, we have Chowla-Selberg lattice
summation formula, as [22, 26]
Z(s) = Σ
′
(am2 + bmn+ cn2)−s
= 2a−sζ(2s) +
22s
√
πas−1
Γ(s)△s−1/2 ζ(2s− 1)ζ(s− 1/2)
+
2s+3/2πs
Γ(s)△s/2−1/4√a
∞∑
n=1
ns−1/2σ1−2s(n)
× cos(nπb/a)2K1/2−s(nπ
√
△/a) , (A2)
where Kν is the modified Bessel function of the second
kind of order ν, and σk(n) is a divisor function, which is
defined as sum of k-th powers of the divisors of n, as
σk(n) =
∑
d|n
dk ; (A3)
e.g. divisors of n = 6 are 1, 2, 3, 6, so that σ0(6) = 1
0 +
20+30+60 = 4, σ1(6) = 1
1+21+31+61 = 12, σ2(6) =
12 + 22 + 32 + 62 = 50, etc.
For a square-cylinder of cross-sectional area L˜2 = πR2,
which is equal to that of the circular-cylinder of radius
R, α2σ,n in Eq. (4) would be α
2
σ,n = (σ
2 + n2)π2 where
σ = 1, 2, 3, ... and n = 1, 2, 3, .... The space of the lattice
summation over σ and n is now one fourth of that over
σ and n in Eq. (A2) except the summation over the axes
9(σ = 0 & n 6= 0 and σ 6= 0 & n = 0) on the σ − n plane.
Thus we recast Eq. (4), for s→ −1, as
D(−2s) =
1
4
√
π
∞,∞∑
σ=1,n=1
(
α2σ,n
L˜2
)−s
Γ(s)
Γ(1+2s2 )
=
1
4
√
π
Γ(s)
Γ(1+2s2 )
(
1
πR2
)−s ∞,∞∑
σ=1,n=1
(
α2σ,n
)−s
=
π2
4
√
π
Γ(s)
Γ(1+2s2 )
1
(πR2)−s
1
4
[
Σ′
(
σ2 + n2
)−s
−4ζ(2s)
]
. (A4)
Analytic continuation of Eq. (A4) can be obtained by
using the lattice summation formula in Eq. (A2) and the
reflection property of the zeta function,
Γ(s)ζ(2s) = Γ
(1− 2s
2
)
ζ(1− 2s)π2s−1/2, (A5)
for s→ −1, as [22]
D(2) = 0.00483155/πR2 = 0.00153793/R2. (A6)
For Neumann boundary condition on the square-
cylinder, on the other hand, we have β2σ,n = α
2
σ,n except
this time σ = 0, 1, 2, ... and n = 0, 1, 2, .... So, this times,
half of the two axes of σ−n plane would contribute to the
lattice summation unlike that in Eq. (A4). This would
result the only difference between N (2) and D(2). Thus
N (2) in Eq. (5), for the square-cylinder, would be [22]
N (2) = D(2) − ζ(3)
8π2R2
= −0.0429968
πR2
= −0.0136863
R2
. (A7)
Eq. (A4) obtained for the square-cylinder of cross-
sectional area πR2 is not only true for s → −1 but
also for any ℜ[s] ≤ 0 as far as dimensional regulariza-
tion and subsequent analytic continuation is concerned.
Thus, following the similar steps, as described from
Eq. (A4) to Eq. (A7), we get N (4) = 0.00914223/R4,
D(4) = −0.000263472/R4, N (6) = −0.0185855/R6,
D(6) = −0.000389195/R6, N (8) = 0.0745135/R8, D(8) =
0.00400674/R8, etc. On the other hand, for negative half-
integral values of s, since Γ(1+2s2 ) → ∞ in Eq. (A4), we
have D(−2s) = N (−2s) = 0.
